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On the APPLICATION of a CONVERGING SERIES to the 
CONSTRUCTION of LOGARITHMS. By Mr. WILLIAM 
ALLMAN, A. B r Trinity College, Dublin. 



X* ROM a due confideration of Newton's binomial theorem, it Read- May* 

may be fhewn, that the logarithm of the ratio of one number 

to another, according to Napier's fyftem, is equal to the fum 

r . 2d id* 2d' 2d 7 
of the fenes, - — '"TJT + T"? + ~^J7 + &c - * reprefenting the 

difference, and s the fum of the numbers : which logarithm of 
the ratio, added to, or fubtra&ed from, the logarithm of the 
antecedent, according as the antecedent is lefs, or greater, than 
the confequent, gives the logarithm of the confequent. 

In any fyftem whatever, the logarithm of the ratio of 

one number to another is equal to the fum of this feries,, 

2pd 2id 3 26d* 2td 7 

■ — Y -— r + ~TT + *f~T + &c. where </'expreffes the difference, 

and 
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and s the fum of the numbers, as before ; and p the quote found 
upon dividing, the logarithm of fome number according to that 
fyftem, by Napier's logarithm of the fame number. 

It is evident, that the lefs d is in refped of /, the fafter the 
feries will converge ; fo that the conftrudion of the logarithms 
of prime numbers, will be rendered more eafy and expeditious, 
by finding two great produds, which (hall have a fmall difference ; 
one of which produces, (hall be compofed entirely of factors 
whofe logarithms are already known, and the other, (hall have 
in its compofition, the number whofe logarithm is fought, or fome 
power of that number ; and, if it have any other fadors, the lo- 
garithms of thefe factors muft be previoufly known. 

Having found fuch produds, we may, by the application of 
the above-mentioned feries, find the logarithm of their ratio to 
each other; which is the fame with the logarithm of the ratio of 
th£ firft produd (or that which is cdmpbfed entirely of fadors 
Whofe logarithms are known) divided by the fador or compound 
of fadors Whofe logarithms are known (if there be any fuch) 
in the latter produd, to the prime number whofe logarithm is 
fought, or fome power of that number. Then, from the loga- 
rithm of the antecedent, and the logarithm of the ratio, we have, 
by addition or fubtradion, the logarithm of the confequent. 

I PROPOSE 
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I propose now to fhew, how produds of this nature may- 
be found — and firft, when they rife to two dimensions only, 
or confift each of two fadors. 

Let the two fadors of one produd be x+a, and x + b ; 
that produd will then be at 1 * ? x + ab ; if we aflume for 

two other fadors, the quantities x and * ~T a , we get the pro- 

+ a 
dud *' _T b x, which differs from the firft produd by ab, the 

loweft term of that produd. — Here it is obvious, 

i. That the nearer ab approaches to o, caeteris paribus, the 
fafter will the feries converge. 



2. That if a + b be made equal to o there will be but three 
different fadors, for x T f will then be equal to #. 

3. It may be obferved with refped to produds of any di- 
menfions whatever, that the fame fador muft not enter both 
produds, for this would ferve only to raife the terms of the 
fradion — j not to diminifh its value. 



4. Hence it follows, that in fearching for thefe produds, 
we muft fuppofe one of them to confift entirely of compound 
fadors. 

Vol. VI. 3 D 5 .i T 
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5. It is convenient that they differ in their loweft terms only; 
otherwise the quote found upon dividing their funa by their 
difference (by the increafe or decreafe of which the convergency 
of the feries is accelerated or retarded) would be of a lower 
dimenfion than either product ; fb that we would be at the 
trouble of finding produ&s of a higher dimenfion, when perhaps 
products might be found of the. fame dimenfion with the quote 

-j, differing only in their loweft terms. 

Besides, if this compound difference (or fome compound quan- 
tity which is of the fame dimenfion with this difference and 
an aliquot part of it) do not meafure either product, there is 
this additional inconvenience, namely, that the numerator of the 
fraction is uncertain, being affected by the variable quantity x j 
whereas if the difference of the products be the fame with the 
difference of their abfblute terms, it is in no manner affected 

by the variation of x, and the numerator of the fraction — may 
fometimes be reduced to unity, which is convenient in the ap- 
plication of the feries to practice. 

If the compound difference (or fome aliquot part of it, and of 
the fame dimenfions with it) meafure either product, it is a 
fure fign that there are products of an inferior dimenfion every 
whit as advantageous for the conftruction of logarithms. From 

all 
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all which we may fee the utility of fo adapting the pro- 
duds to each other, that they may differ in their loweft terms 
only. 

6. It is ufeful, when one of the products only confifts en- 
tirely of compound factors, that the fecond terms of thefe factors 
be as fmall numbers as poffible ; for the continual product of 
all thefe fecond terms conftitutes in this cafe the difference of 
the products. This precaution is alfo ufeful, when both produces 
confift entirely of compound factors, and their loweft terms are, 
at the fame time, affected with contrary figns. For the differ- 
ence of the products in this cafe is equal to the fum of two 
numbers which are produced by the continual multiplication of 
the fecond terms of the factors of each product refpectively, no 
regard being paid to their figns. 

Substitute in the above products of two dimenfions, i for a t 
and — i for b (by which means we fhall have ab — — i, and a + b 
= o) the products will then be x*— I, and **, whofe difference 
is unity and which confift of but three different factors x — I, 
k-\- i and *.. 

The logarithms of any two of thefe factors being given that 

of the third may be found by the application of the above 

d . . . i 

mentioned feries ; — being in this cafe equal to — — ■ 

^ D 2 Bct 
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But Dr. Halley has already Sufficiently explained this method 
of applying the feries. 

To come then in the next place to produces of three dimen- 
fions, or which confift each of three factors — 

Let x* +qx* + rx + s reprefent one of fuch products, and 
let its factors be denoted by x + a, x + b and x + c. Then if 
the fign of the fecond term in each factor be changed, the 
fign of the firft term in each being unvaried, the product will 
be x\ — qx 2 + rx— s; make q, or a + b + c=o i we then (hall 
have two product; differing from each other by 2s — labc ; fo 
that if ' c be taken equal to a + b with their figns changed, 
the products will differ from each other in their loweft terms 
only ; but this difference, and at the fame time the number of 
different fa&ors, will be the leaft poffible (fractional numbers 
being fet afide) if we make a = b and each of them equal to 
unity ; the produces then with their refpective factors will be, 
* 3 * — 3* — 2= x+i}* x #-7-2 and x i * — 3*+ 2 =x — i\ 2 xx + 2; 
whofe difference never exceeds four in whatever manner x be 
varied ; and the number of different factors is alfo reduced to 
four. 

That the number of different factors of fuch products as 
are required of three dimenfions, cannot be lefs than four, may 
be thus demonftrated ; if there were but three different factors 

one 
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one product fhould have all its factors equal to each other ; 
the other, two of the three factors equal to each other. Let 
# J + sax' +$a t x + a* (= x + a\ 3 ) reprefent one of the products, 
and *' + ^ x' + ^ x + b*c (= x~+~b} 2 xV+T) the other. 
Then fince thefe produces ought to differ in their loweft terms 
only, we have %a = lb + c, and b* + ibe = 3*% by. comparing thefe 
equations with each other we find 4b' + \bc + c ' = 3^' + 6bc 
v b % = zbc — j* and b, = c ; fo that thefe products will be both 
cubes, or can have but two different factors ; but fince 3a — 2b + c, 
i. e. (from what has been already proved) 3a = $b, we have 
a — b; by which it appears that not only the fame factor en- 
ters both products (which has been already fhewn to be ufelefs} 
but both products confift entirely of the fame factor equally re- 
peated and are in effect one and the fame product. 

In the application of the products x* — 3* — 2 and x* — 3* -f 2, 

to the construction of logarithms the fraction - of the feries 

s 



muft be made equal to • 



2x*+ i)' XX-2 + 4. 2X X— i|. xX + 2— 4 



or in its loweft terms # + 1 * x *— 2 or x—i\' x x + 2 



The 
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The fcries will then exhibit the logarithm of the ratio of 



* — 2. ~ r*+lY 



*+ iV * J-7-, ! #^iV, or of x x— 2 '. x + a ; of #+ i) 

#+2 X— t\ ' 

*+2 _ .*_ I 



x—i} % x — — : , or of *— 2 * - -j x #—2 : where, the antecedents 

x—z ' X+ l\ 

being lefs than the confequents, if the logarithm of x + r j* or 
of x — 2 be required, the fum of the above feries is to be fub- 

traded from the logarithm of x— ii 1 x or of —I x #+2, 

° x — 2 * -f 1 1 

refpedively. 

The fmaller the fador, by which any given number whofe 
logarithm is fought, is denoted, the fafter will the feries con- 
verge. 

For the abfolute value of each factor, and therefore the va- 
lue of each produd, is by this means encreafed. — Then fince 
the fum of the produces is increafed, their difference being un- 
varied, the feries will converge fafter. 

Though we have this advantage by making a fmaller fador 
reprefent the number whofe logarithm is required, yet it may 
be objeded, that this implies the neceffity of being previoufly 
acquainted with the logarithms of greater numbers. But the 
difficulty of this, will in the prefent cafe, be removed, if the 
prime number whofe logarithm is required (that number being 

under flood 
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understood to exceed 3) be denoted by the factor *-»i, when 
the number next lefs is meafured by 3 ; or by the factor x — 2, 
when the number next greater is meafured by 3. 

Of the four different fa&ors, two are always even and two 
odd, the number whofe logarithm is fought being odd, there 
can be but one odd number greater than the given one, whofe 
logarithm it is neceffary to be previoufly acquainted with, in 
order to find the logarithm required. This number exceeds the 
given one by 2, when the given one is denoted by x — \ $ 
by 4 when it is denoted by #— 2 ; fo that this odd fa&or, greater 
than that which reprefents the number whofe logarithm is fought, 
will be meafured by 3, if the given number be reprefented by 
x—' 1, and at the fame time, the number next lefs be meafured 
by 3 ; or if the given number be reprefented by x — 2, and 
the number next greater be meafured by 3 ; We then fliall have all 
the factors, except the number whofe logarithm is fought, com- 
pofite. That their component parts will be lefs than that num- 
ber, is evident from the nature of the factors. 

If any one wiihes rather conftantly to ufe the fame notation, 
which may perhaps be deflrable, in conftru&ing a table of 
logarithms, for the fake of avoiding confufion ; when a prime 
fador occurs greater than that whofe logarithm is fought, fo 
that the logarithm cannot be found immediately, let the logarithm 

of 
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of that prime number be fought by the lame method as that 
which was to be ufed for the difcovery of the firft logarithm; 
and no prime factor will occur to prevent the logarithm of 
this number from being found immediately. — For, fince, when 
the factor x — i is taken to denote the prime number whofe 
logarithm is fought, the other odd factor exceeds it by 2- ; and 
when the factor- x — 2 is taken to denote it, the remaining 
odd factor exceeds it by 4 ; if the number, exceeding the given 
one, when denoted by the factor x — 1 , by two, or when de- 
noted by the factor x — 2, by 4, be compofite, the logarithm 
may be found immediately : But if, in the firft cafe, the num- 
ber exceeding the given one by 2, be prime, the number which 
exceeds that number by 2 (or the given one by 4) will be 
compofite — and if in the other cafe, the number exceeding the 
given one by 4 be prime, the number which exceeds that 
number by 4 (or the given one by 8) will be compofite — fo 
that the method of notation remaining unvaried, no prime factor 
will occur to prevent the logarithm of that prime number (by 
the intervention of which, the logarithm firft fought is to be 
deduced) from being found immediately. 

It is eafy to fhew, that, if the number which exceeds any 

prime number greater than 3, by 2, be prime, the number 

which exceeds it by 4, will be compofite ; or if the number 

which exceeds it by 4 be prime, that number which exceeds 

it 
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it by 8 will be compofite j for, fince neither the given num- 
ber, nor the number which exceeds it by 2, is meafured by 3, 
according to the firft fuppofitiori, the number which exceeds 
the given one by unity, will be meafured by 3 (for 3 muft 
neceffarily meafure one of three fucceffive numbers) and there- 
fore the number exceeding the given one by 4 will be mea- 
fured by 3. Since, in the fecond place, either the number 
which exceeds the given one by 2, or that which exceeds it 
by 4 is meafured by 3 ; if the number which exceeds it by 4 
be prime, that which exceeds it by 2, and therefore, that alfo 
which exceeds it by 8, will be meafured by 3. 

It were eafy to fhew, that, in the application of the above 

products of three dimensions, differing by 4, to the conftruc- 

tion of logarithms, the numerator of the fraction — reduced to 

s 

d 2 

itsloweft terms is always unity. In this cafe — = ^=^v ===== — 

s x+ 1}* *x — 2+2. 

Now, fince either x ~+ I( x ,or;c— 2, is even, 2 will meafure their 

product increafed by 2. 

DC "t" Ii* ^C X ■ Qt 

Make + 1 =y, the general feries will then be 

reduced to this form, ^£ + ll + l£ + ^-L +i &c. Half the 

y zy $ys iyi 

Vol. VI. 3 E f um 
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fum of this feries will exprefs the logarithm of the ratio of 

... X— 2/2 • „ . x + 2% 

x j. J x — — • * ! or of AT + I . tf — I X 

X + Z\ X—2 

If two produds of any dimenfions whatever, differ in their 
loweft terms only, and the fecond terms of all the fadors in each 
product be equally multiplied ; the products of the fadors fo 
changed will ftill differ in their loweft terms only, but the differ- 
ence in this cafe will be the difference of the original produds mul- 
tiplied into the common multiplier of the fecond terms of the 
fadors raifed to the fame dimenfion with the higheft term of 
either produd. For the terms of the original produds, beginning 
with the higheft term in each, are refpedively multiplied by 
the terms of a geometrical progreffion, whofe firft term is unity, 
and fecond the common multiplier; fo that the terms of the 
latter produds, which are correfpondent to terms that were equal 
in the firft produds, will be equal to each other ; and the terms 
of the latter, correfpondent to thofe which differed in the firft 
produds, will have a difference equal to the difference of the 
terms in the firft produds, multiplied by the correfpondent term 
of the geometrical progreffion above-mentioned. 

Let m denote the common multiplier, and n the index of the 
higheft term in the produds; the geometrical progreffion will 
ftand thus, i,m, ib«, /»*, &c. , ra". Let the latter produds be 

both 
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both divided by m"; the quotes will have the fame ratio as the 
latter produds, and the fame difference as the firft produds 
have. Now the terms of the firft produds multiplied by the 

Till 

correfpondent terms of this progreffion, — , ^777' "^TT? OT 7r T &c * 
— -> — —i — — » i (i. e- the terms of the preceding progreffion divided 

by m" ) gives the correfpondent terms of the quotes ; fo that if m 
be greater than r, the terms of the quotes will be lefs than the 
terms of the firft produds refpedively. — The contrary to this 
happens, if m be a proper fraction — In this lad cafe then, the 
fum of the quotes being greater than that of the firft produds, 
while the difference is the fame ; and the difference of the quotes 
having the fame ratio to their fum, as the difference of the 
latter produds to their fum, it appears that the difference of the 
latter produds bears a lefs ratio to their fum, than the difference of 
the firft produds bears to their fum ; fo that if the fecond terms 
of the fadors of produds differing in their loweft terms only, 
be all multiplied by the fame proper fradion, the feries expreffing 
the logarithm of the ratio of the produds to each other will con- 
verge fafter. 

I f the fecond terms of the fadors of produds differing 
in their loweft terms only, be equally increafed by addition or 

3 E 2 diminifhed 
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diminifhed by fubtradion, the produds will ftill have the fame 
difference. 

Let the coefficients of the 2d, 3d, 4th, 5th, &c. terms of 
the given produces be denoted by q, r, s, /, v, &c. refpedively ; 
the index of the higheft term by w,' and the quantity, whether 
affirmative or negative, which is to be added to each of the fecond 

terms of the fadors, by m, the coefficients of the correfpondent terms 

ft 1 ^ .,1 , n n n ~ l n n-\ f> - 2 

of the new products will be, — •*»> — -r» % , — • m* 

r 1 1 2 ' i 2 3 

n n-l ti-2 »~3 a n-\ n-l n-2 % 
_2 M < * qm qm 

1234' &c. 1 12 

n- I n-2 »-3 , r n-2 
— ±qm % -rm 

123 1 

«- 2 »- 3 » s 

1 2 

»- 3 
— ism 
1 



Whence it appears that in whatfoever term the given produces 
begin to differ from each other in the correfpondent one, will 
the new products alfo begin to differ from each other, and by 
the fame quantity. If the fecond terms of the fadors be equally 
increafed, the fum of the produds will be increafed, fo that 

(if 
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(if the abfolute value of the leading term be unvaried) the feries 
will converge fafter. If then the given number whofe logarithm 
is fought, be denoted by a fimple quantity x, the lower the 
place which the fimple quantity occupies among the factors, or 
the fewer refidual factors there are, the fafter will the feries con- 
verge. — Now whatever compound quantity be fubflituied for this 
fimple one, the effect will be the fame, viz. that the convergency 
of the feries is quicker or flower, the lower or higher the place 
which the given number occupies in the rank of factors. 

But fince it is ufeful that the difference of the greateft and leafi 
factor fhould be as fmall as poflible (as follows from what has 
been obferved before) the advantage of a fwifter convergency, 
will, generally fpeaking, be in a lefs degree in this cafe, than 
the fimilar advantage which arifes from multiplying the fecond 
term of each factor by an aliquot fraction, or (which amounts to 
the fame thing) the leading term of each factor by the reciprocal 
integer. 

From what has been faid it follows, that if, of the firft and 
fecond, fourth and fifth terms of an arithmetical progreffion, the 
logarithms of any three be given, the logarithm of the remaining 
term may be found. If the common difference of the progref- 
fion be unity, — , will be equal to an aliquot fraction, whofe 

denominator 
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denominater exceeds, by i, half the product, whofe factors are 
the firft or leaft terra of the progreffion, and the fquare of the 
fourth term ; if the common difference be any other number, 

fuppofe m ; — will be equal to that aliquot fraction above de- 

fcribed, multiplied by m l . The general feries will then exprefs 
the logarithm of the ratio which the product of the firft term 
into the fquare of the fourth, bears to the product of the fifth 
term into the fquare of the fecond. This, fince the arithmetical 
progreffion is an increafing one, will be a ratio of leffer in- 
equality. 

It alfo appears, that there is no reftriction fet on finding the 
moft convenient produces, by the fuppofition that one of them 
is defective in its loweft term. And that, in the inveftigation 
of products, if we find fecond terms which (all of them being 
equally dimmifhed fo that one may vanifh) will then admit a 
common meafure, the products may then be reduced to a fmaller 
difference. 

Let x* + qx* +rx % + xx + 1 reprefent a product of four dimen- 
fions, and let s be = o, two factors are to be found, whofe product 
fhall be x 1 h qx + r ; this being multiplied by x* will give the pro- 
duct x* + qx z +rx\ differing from the firft product by / theloweft 

term 
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term of that product. Suppofc one of the fadors to be x + m ; the 

+q _ — — 

other will be x - m. Then qtn —»»*= r v m = 1~ + y ?~ -r, and 
2 4 

q — m=—+ VZ__ r Let the fadors of the product x*+qx> + 
r#* + /* + / be x + a, x + b t x + e t and x + d. And the fadors 
of the produd x'+qx + r will be, x+ a +* + c + d + 



y: — ab — ac — ad — be — bd — cd y or (which is 

4 

the fame thing) x+ a -±±±±±l ± ^ V+*-V^ gl» __ ~ ^ 

Thefe fadors will be always rational (whatever may be the 
values of a, b, e, and d, provided they be rational) if we make 
ab + ed= o. Then fince x, or abc + abd + acd+ bcd= o r we have 

V (= ~ g) = bcTTdT el' And dividin S h Y cd and muIti ~ 
plying by the denominators, bc + bd+cd = b\ Therefore 



b*-bd b*-bc jz e+d ~ -J)* 

c = b + r d = T+7 and * = — ,- ± "- ~ + «* So 

that if £ be rational, <:,*/, and* (or- L.) will alfo be rational. 

b 

But 3 will be rational, if c* + 6<r</ + d 1 be a perfed fquare. Make 
e*+6cd+d*=e\ Then6ed+d'=oat\dd=-6e. Univerfally, putting 
c * + 6f</ + d* = c* + 2 en + n\ we have 6</-- 2n. c ~ n* -d % 

and 
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tt * d 1 
and r = 1 Only we muft not affume n = </ or = — </ ; 

6*/— 2» * 

or = 3</, for on the two firft affumptions we fhould get 6d~ in. 

c = o, i.e. either qdc, or Sdc — o ; on the third affumption, 

«* — */* =o, i. e. %d* =r o; fo that either c or d would be equal 

to o ; contrary to what has been above laid down. 

Make c — — i and d — 6 ; then b = 2 or 3, let £ = 2 ; and we 
(hall have a = 3. And w, as alfo y — m, = 5. 

Then we have the fa&ors * — 1, x -j. 2, x + 3, * + 6, whofe 
produd (hall be deficient in its penultimate term, and fhall 
differ by $6 its loweft term, from the product of the factors x % and 
x~+ 5 * ; as will appear by their multiplication. 

x + 6 

* + 3 *+ 5 



*+5 



* * + 9 # + 1 8 

# + 2 **+ 10^+25 
x* 



x* + n x 1 -f 36 * + 36 ■■ ■ 

^ — 1 *♦ + 10 x*+ 25 tf 



x* + 10 x* + 25 #* * — 36 



In 
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In the fecond produd, we may obferve that there are but two 
different fadors. That the fador x + m muft be equal to the 
fador x _ *, or that m is equal to - ■» will appear if it be (hewn 

that -1— — r or . 1 — ab — cd—o; which may be done 

4 4 

in the following manner : — Since ab -f cd — o, we alfo have by 

multiplication, a 1 b + acd— o, ab 1 -j- bed— o, abc _j_ c l d = o t and 
abd -}- cd % = o. 

By comparing thefe four equations feverally with the equation, 
abc + abd + acd + bed — o, we find, 

a* = ac + ad + cd 
6* = be + bd + cd 
c % = ab + ac + be 
d % = ab+ ad + bd 



a* + b l + c* + d* = 2 ab + 2 ac + 2 ad + 2 be + 2 bd+ 2 cd, And 

therefore a + 6-c-di i =^.ab + ^cdv ^ + ' -ab—cd=o. 

4 

Q. E. D. 

That the number of different fadors in both produds can- 
not be lefs than fix, without introducing furds, may be fhewn 
as follows : 

Vol. VI. 3 F First, 
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First, neither product can have three factors alike — Since, by 
a change in all the fecond terms, any factor may be reduced to 
a iimple expreffion ; let the factor which occurs three times be 
denoted by x, the product will then be deficient in the three 
loweft terms — the other product that it may differ from this by its 
lowefl term only, muft want the penultimate and antepenulti- 
mate terms ; at the fame time, retaining the laft ; fo that two of 
its factors will be impoffible. 

The above is evidently applicable to products of all dimen- 
sions } and from this immediately follows what has been proved 
above, relative to the leaft number of different factors in products 
of three dimensions. 

Hence it appears that the leaft poffiHe number of different 
factors will not be lefs than the index of the higheft term in 
either product, if that index be even — if it be odd, the leaft 
poffible number of different products will be greater than the 

index. 

Whence it follows that the number of different factors in the 
prefent cafe cannot poffibly be lefs than four. 

But in the next place, the number of different factors cannot 
without introducing furds, be lefs than fix. 

For 
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For if wc fuppofe but five different fa£lors in both products, 
two of them rauft be in one produd, and three in the other, 
fince neither product can confift entirely of equal factors, as 
appears from the above, and neither of thofe two factors muft be 
taken three times. Let the fa&ors of one product then be 



be x l and x + m\\ and the factors of the other x + a y x + b, 



x + c,'. The refpective products will be x* + 2 mx> + /»» #», and 

+ ob , , 

+ 2ac + 2 

x* + b x* , c x* + ac* x+abc\ That thefe produfls 

+** XT +bc * 

may differ only in the loweft term thefe three limitations are 
neceffary. We muft make firft, a + b + ic — zm ; fecondly, 
ab + zac + 2bc+ c 1 =m 2 ; and thirdly, <iabc + ac 1 + be 2 = 0. 
From the two firft equations we have, a* -\. 2ab + b* + ^ac + 
j\bc + 4c* (= 4ra l ) = \ab + Sac + Sbc + V % . v a — 2ab + b l = 



\a + njb x c. From the third equation, we have 2ab + ac +bc=o, 
lab 






a + b 



. This value of c being fubftituted in the 



equation a % — zab + b 3 = 40 + 4^xr, therearifesa*— 2ab + b*- = 

3 F 2 — Sab, 
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— Sab, v a* = — 6bh — b % and a = — 36 + 2b >/ 2 ; fo that cither 
b, or a, will be embarrafled with & furd. 

Let the prime number whofe logarithm is fought by the ap- 
plication of the above produ&s of four dimensions, be denoted 
by it -f 2, if the number next greater is meafured by 3 ; by 
x + 3, if the number next lefs be meafured by 3 — and then 
all the other fa&ors will be compofite. For in the firft cafe, 
x — i will be meafured by 2 ; x, by 3 ; x + 3, by both 2 and 
3 ; x + 5, by 2 ; and x + 6, by 3 : In the other cafe, x — 1, will 
be meafured by 3 ; x, by 2 ; x + 2, by both 2 and 3 ; x + 5, by 
3 ; and x + 6, by 2. 

I f the prime number, whofe logarithm is fought, were de- 
noted by any other factor than x + 2, or x -f- 3, other divifors, 
befides 2 and 3, fhould come into confideration ; for in any cafe 
there would be at leaft another fa&or, which, neither 2, nor 3, 
would meafurc. 



Using then the notation directed above, the ratio of x* x x + 5]* 

x*. x + 5 2 



to, x — 1 x x-t-2 x x + 3 X x + 6, of 



1. x + 3. x + 6 
: x + 2, 
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X*. X + c , 2 

: x + 2, or of *" ■ — — r ' — : x + 3, will always be a ratio 
x— 1. x+2. x+6 

of greater inequality. 



I n the application of thefe fadors to the conftrudion of loga- 

d & 
rithms — = — ■ — ,: r, which fraction (the above 

s 2. x 1 . x+Jj'-S^ v 

notation being ufed) when reduced to its Ioweft terms will have 

unity for its numerator. For, of x and x + 5, 2 always meafures 
one, and 3 the other, as appears from what has been faid above ; 
therefore 4 meafures the fquare of one ; and 9, the fquare of 
the other (the quote of two fquare numbers being equal to the 
fquare of the quote of their roots ; which laft is in this cafe an 
integer) confequently 36 meafures the product of their fquares 
(the continual product of any fadors being the fame, in what- 
ever order the fadors be taken) and therefore it alfo mealures 
double that produd diminiflied by 36 ; i. e. 2. #*. * + 5> — 36. 

Put the quote — -■ 2- — i=J; - will then be equal 

to — , by fubftitution of which the expreffion of the general fe- 

y 

ries will be rendered more fimple as before. 

Thb 
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TiiE investigation of produds of five dimensions may be at 
prefent omitted. — For the difference of the produds of five 
dimenfions, which fecm moft commodious for the conftrudion 
of logarithms, is fo great as to deftroy a considerable part of the 

advantage arifing from the greatnefs of their fum. -Betides 

the very invention of thefe produces, efpecially when the fadors 
are large, is troublefome. — Not to mention the number of ad- 
ditions and fubtradions neceffary to find the logarithm required, 
after the logarithm of the ratio, as directed by the feries, has been 
found. 

This laft objedion indeed, would be of much Iefs weight 
were produds found whofe difference fhould bear fo fmall a ratio 
to their fum, as to preclude the neceffity of ufing a fingle term 
of the feries. 

If x + a, x + b, xT ,, denote the refpedive fadors of two pro>- 



duds •, thefe produds will be x J * — ab. x>+ ab. a + b. 

— b* 



a 3 



Their arithmetical mean x* * — ab. x, will be refolvable into 
three fimple and rational fadors ; if a* + ab +b*, be a pcrfed 

fquare. 
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fquarc. Make a* + ab + b 1 — a 2 — ^ab + \b*. Then will %ab = 
3b 2 and 5^=3^. Let £ = 5 v a— 3. The produds then with 
their re'fpedive fadors will be x 3 * — 49* — 1 20 = x + 3 x*+5 
xx — 8 ; and x 3 # — 491? + 1 10 = x — 3.x * — 5 X x + 8. 
And the fadors of the arithmetical mean x J — 49*, will be x — 7, 
x, x + 7. 

The fquare of the arithmetical mean, x 6 — 98 x 4 + 2401 x% 
differing from the product of the extremes, x* — 98 x 4 + 2401 
x* — 14400 by the abfolute term 14400. Here then we have 
two produds of fix dimenfions, which though they have a dif- 
ference confiderably greater, than the produds already given of 
lower dimenfions, may yet be of fome ufe in the conflrudion of 
logarithms. 

Having fhewn different methods of diminifhing the value 

of the fradion — , in the application of the above general 
s 

feries to the conftrudion of logarithms, by which means the feries 
will be made to converge fafter ; I proceed now to an abbrevia- 
tion of the feries itfelf, which will ferve to compute the logarithms 
even of fmall numbers to a much greater degree of accuracy, 
with fcarce any increafe of trouble* 
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s 
I f we put y = — , the feries may be exprefTcd thus j 2/ x 



— a 1 1 h &c. which may be changed into 

y sy l $y ! iy 7 5 

the following equivalent one, ip x 1 -j- 

y 3oy* — 18^ 

— &c. whofe two firft terms are even more 

i S7sy 7 — * 6 9sy s 

accurate than the three firft of the preceding — and its three firft 
terms more accurate than five of that feries. 



The fecond and third terms of the above ferfes being reduced 
to a common denominator, their value is -Li £ Upon divid- 

l sy s ' 

ing the deaominator of this fraction by its numerator and taking the 
two firft terms only of the quote for a new denominator, and unity 
for a numerator, we get the fra&ion — or - _ ; 

3^ 3 — f-^ 3°.y 5 — 18> 

which, reduced to an equivalent one whofe denominator is 
1 5 y s , becomes D J *>y x 25^ i*$y 625/ 

}$y s 

the terms of the numerator decreafing in the ratio of 5^* : 3, i. e. 
in the ratio of the terms of the numerator of the fraction, which 
arifes from the union of the fecond and third terms of the feries. 

Then 
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Then fince IS. = L£±3 + _3__ + g + 

30/ — iSy 15/ 2$y 7 125/ 

-^_ + __*}__ + &c . we have 5 Jl+3 = 10 

625/' 3125/3 i Sy s 3 ojr3— i8jr 

— - — — 7 — ^— — &c. which being 

2 Sy 125/ 625/' 3125/3 

fubftituted for the fecond and third terms of the feries, we get 
the feries in this form, ip x -L + l — 4. f 4. 

T7Tr~T+T^ rH z-- — 7 + &c - Again; the terms 

ii25jr 6875/* 40625 _y 'J 

■ r an d — » (which are of the fame dimenfions with the 

175^ 1125^' 

fourth and fifth terms of the firft feries) being reduced to a com- 
mon denominator, their value is ' 22 Z 3°° which by a 

7875^' 
procefs fimilar to that already ufed, may be rtiewn to be equiva- 

lent to, 3l 33_88_ _ 260876 &c 

'575.7' -2695.7* 50625/* 2278125/3 
the terms after the firft, decreasing in the ratio of 180 ,/ : 308, 

or of 45^* : 77. 

Then, by fubftitution, the feries comes out in this form : 
« / X J- + 12 + 36 _ 428 



y sojr'-iSy 1575.7' -2695 j* 2275/' 

75236 
1184625/3 ~ « c - 

Vol. VI. 3 G The 
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The two fxrfl terms of this feries may be ufed to very confider- 
able advantage ; with much the fame trouble as the two firft 
terms of the original feries ; and with rather greater accuracy 
than the three firft terms of that feries. 

I f a third divifion be required, this may be fomewhat altered 
for the convenience of continual divifions. Thus : 

1± + —2— . A + - - ,08 B -&c. the 

y 3°y % ~ lS 9J X — »• y x — i> 175 

letters A, B, &c. denoting the terms as they arife. 

The three firft terms of this feries are more accurate than three 
of the preceding ; which likewife are more accurate than the 
five firft terms of the original feries. 

A few examples may ferve to illuftrate What has been faid. 

Note, that Briggs's logarithm of 10 (which is 1,) divided by 
Napeir's logarithm of 10, (or, 2, 30258.50929.94045.68401. 
79914. 54684. 36420. 7601 1. 01488 &c.) the quote is, 43429> 
44819. 03251. 82765. 1 1289. *89 x 6- 60508. 22943. 97005 &c. 
= /. Then, ,86858.89638.06503.65530.22578.37833.21016. 

45887. 
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45887. 94001 &c. = zp. And, ,18861. 16970. 11613. 9292*. 
42603. =p\ 

Lit it be required to find Briggs's logarithm of ioi. 

First, by Dr. Halley's method, or by the application of produds 

of two dimensions. 



x — 1 x x + I Log. ratio of x — 1. x+i i :x=s£.+ 
100 101 102 &c> which is to be added t0 the ( Q ^ 

x—i.x + i = 10200 rithm of the antecedent, to find that 
2.x— 1. *+~i + 1 =20401 =y °f l ^ e confequent the ratio of * — 1. 

x + 1 : x l , being one of lefler inequa- 
lity. 

20401) ,43429.44819.03251. 82765. 1 1 289 (,00002. 12879. 01666.. 

(74436. 68276 &c. =£- 

y . 

x — 1 = 100 Log.. 2, 

x + 1 = 102 2, 00860 01717 61917 56104 89366 92 



x — 1. x -{■ 1 4, 00860 01717 61917 56104 89366 92 



x — i.x-\- v 2, 00430 00858 80958 78052 44683 46 



.4 



Ratio of, AT — I. * + II : * 2 12879 Ol666 74436 68276 62 true to the 14th 

' ■ — decimal place. 

x = 101 Log. 2,00432 13737 82625 5 2 4 8 9 12960 08 » rue to the Mth 

place. 

3 G 2 Secondly 
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Secondly, by the application of produces confining of three factors. 

* — 2 *— I x+i *+ 2 Log. ratio of *7-r iV X * — 2 : x — Y| *. 

101 102 * 104 IO5 

X* + 2= f- &c. Therefore, log. 

52 y 

. x — ' 
S 2 ratio of* — 2: — ; — X x 4- 2 =r 
x + 1 



I0 4 IL + &c. 

260 y 



4 



— .1* 

L __ 270 . Which, as the ratio is one of Iefler inequa- 

10 1 lity, being fubtra&ed from the logarithm 

of the confequent, gives the logarithm of 



2704 
2704 the antecedent 



*+ 1 'X* — 2 



= 273104 



2 
546209) ,86858 89638 06503 65530 22578 (,00000 15902 13569 

(90914 40369 &c. = — ±- 

x 1 = 102 Log. 2,008600171761917561048936692 

X + 1 ■= 104 2, OI703 33392 98780 35484 77218 42 

*~ l — , 00843 31675 36862 79379 878** S 9 

x -J- 1 ________ — — — — ^— — — . . 

*~ T y — , 01686 63350 73725 58759 75703 00 

* + 2 =. 105 2, 021 18 92990 69938 07279 35052 67 



' X X + 2 2, 00432 29639 96212 48519 59349 67 

Subtraa log. ratio 15902 13569 90914 40369 94 true to the ilth 

' decimal place. 

K — 2 = IOI Log. 2, OO432 I3737 82642 57605 18979 73 true alfo to the 

18th place. 

Thirdly, 
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Thirdly, by the application of produ&s of four dimensions. 

x — i x x+2 x + 3 #+5 x + 6 L g. ratio of x\ # + 51* 
9 8 w.ioi io» * «* X ° 5 :*-!.» + » *+ 3 .« + 6, 



-=33 ^- 5 = 52 , *•.*"+? 



33 5 2 * — i.* + 3.x + 6 



: # -f 2 = — £ 4- &c. 
99 *°4 j' 



2 


52 




104 




260 


4 


= 2704 
1089 



or 



of^Z,-^ 



3 



99 2 °° Which is to be fubtrad 

—=1089 ' J ' = 2704 c d f rom t he logarithm of 

the antecedent to find 

** the logarithm of the con- 

21632 

2 *] a fequent, the ratio being 

x % X x +5' » _ 2 Q^5g5 (as has been faid above) 

36 

one of greater inequa- 



2.*'x* + 5'»_ I=: 5889311 =^ 

36 lity. 



5889311) 
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58893*1) ,86858. 89638. 06503. 65530 22578 (,00000.01474. 

85667. 475 6x - 87362 &c. = ~ 

y 

x = 99 Log. 1, 995 6 3 51945 97549 91534 02557 77 

*+ 5= 104 2, 01703 33392 98780 35484 77218 42 

*• * + 5 4» 0126685338 96330 27018 79776 19 

**• *+ 5 * 8 , °*533 7 o6 77 92660 54037 59552 39 

K— -1=98 I, 991*26075692494 85663 81714 I2l 

* 4- 3 = 102 2, 00860 01717 61917 56104 89366 92 

* + 6 = 105 2, 021 1 8 92990 6gg^i 07279 35052 67 I 

Ratioof^= ^-' = z :x+z I4 ?4 85667 47561 87362 67J 



6, 02101 56940 10017 96609 93496 38 



* 4- 2 = IOI Log. 2, OO432 IS737 82642 57427 66056 OI true t» 

the 2 1 ft place. 

The firft term of the feries, exhibiting the logarithm of the ratio 
true to the 21ft place. 

I f the fecond term of the feries, as it exifts in its contracted 

form, (viz. . -. A, or, ip . __) were ufed, we 

30^*— 18 30^'— i%J 

fhould obtain the logarithm of the ratio true, by the firft method, 

to the 3 2d decimal place; by the fecond to the 42d, and by the 

third method, to the 49th. 

The 
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The principal ufc of the fa&ors of the products of fix dimen- 
fions in the conftrudion of logarithms, will appear, when (by 
reafon of the greatnefs of the produces wh ; ch would arife) it be- 
comes unneceffary to ufe a fingle term of the feries. 



Thus ; if it be fufficicnt to have the logarithms of numbers 
true to 7 places of decimals, the logarithms of numbers exceeding 
100 may be found by this method. Let the logarithm fought, be 
that of roi, as before. 



* — 8 = 86 Log. 1,9344984512 The logarithm of the ratio of, 
#•^5=89 1*9493900066 

x-3 = 9i 



»' 959°4 13923 



*+3 = 97 

*+5 = 99 
x + 8 = 102 



x— 8. x — 5. x — 3. tf-r-3. x+5. 

y 



1,9867717343 x+8:x-^'.x\x~+7 ,% =y 8cc ' 

1 » 99 5 6 3 5 x 9+ 6 Therefore the logarithm of the 
2,0086001718 ratb of> 



". ^3393 6 95° 8 



x— 7 = 87 

x =94 



y-8. x-$.x-$. x+3. x-j. 5 . *-f ,8'^ 

5,9169684754 * — 7.x 

" " :#-f7=£_&c. y being; taken 
1,9395192526^ j, 5 



1, 97312 78536) 
3, 91264 71062 



equal to _ ! 



z.x—y*.x % .x+']X 



14400 



#+7 = 101 Log. 2, 00432 13692- 



i. e. in the prefent inftance 



7=1011^05.2,00432130927 

,-,,.,, > 94755 5°<>> 845. So that the 
true to the 8th decimal place, j 5 

logarithm 
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logarithm found will differ from the truth by lefs than half an 
unit in the 8 th place of decimals. 

Here the number whofe logarithm is fought, being denoted by 
the factor x + 7, the logarithm comes out lefs than the truth ; if 
the number were denoted by the factor x+8, we fhould get the 
logarithm greater than the truth. The reafon of this is manifeft, 
from the relation between the products. 

The logarithms of numbers exceeding 300 may be found by this 
method to 10 places of decimals. And the logarithms of numbers 
exceeding 1300, to 14 places. 

A similar application may be made of the factors of the 
products of four dimenfions, which will ferve to conflruct the 
logarithms of numbers exceeding 20,000 to fourteen places of 
decimals ; fo that, if neceflary, we may have an eafy way of 
compleating the chiliads omitted by Briggs. E. G. Let it be 
propofed to find the logarithm of 19997, being even fomewhat 
lefs than 20000. 

x =19995 
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x = 19995 L °g- 4. 3°°9 2 H084 6954 The logarithm of the ra- 
x + 5 =20000 4,30102999566398 tioof*\*"+j|':*"^I7 



*x* + 5 8,60195140413352 * + 2. * + 3- *+ 6 



zp 



+ &c. But y = 



*" x *+5i 17,20390280826704 y 

■ 2. X*. X + f\ % . . 

x— 1 = 19994 4,30089968777225.) 36 

x + 3 = 19998 4, 30098 65640 4417C in this wfcmce 88844 

#4-6 = 20001 4, 30105 17098 45 2 2 J 444 99 99999 9-— S° 

— that the logarithm of 

12,90293796166164 the ratiQ wiU bc kfs 

x+ 2 = 19997 L °g 4» 30096 48466 0540 than unit of the flx " 

teenth placeof decimals. 

The computation of the logarithms of fmall numbers may be 
rendered more expeditious if, inftead of attempting immediately 
to find the logarithm required, by the application of any of the 
preceding methods as they are above exemplified, we feek the 
logarithm of fuch a multiple of the given number, as fhall not 
have any of its prime fadors greater than that number — with the 
fame limitation alfo, on the numbers which are concerned in com- 
puting the logarithm of this multiple. 

Vol. VI. 3 H E.G. Ir 
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E. G. If it were propofed to find the logarithm of 31, the 
multiple by means of which it would be moft conveniently found 
by the application of produces of two dimenfions, is according to 
Briggs, 34-1. Then, 17 x 20= 340 = * — 1, 11x31 = 341 =x 
and 18 x 19 = 342 = x + 1. Whence the logarithms of 340 and 
342 being known from the logarithms of their prime fa&ors, that 
of 341 may be found by Dr. Halley's method — from which the 
logarithm of 11 being fubtracled we get the logarithm of 31. 
Here y = 2 X 340 X 34a + 1 = 232561. So that ufing only the 
firft term of the feries we get the logarithm true to the 17th place. 
If we ufe the products of three dimenfions, the advantage will be 
confiderably greater. 

The logarithm of 31 may be found, from that of 899, which 

laft may be found by this method without knowing the logarithm 

of any prime number greater than 31. For 2^x7=896 = 

x — 2; 3 X 13 X 23 = 897 = x — I ; 29 X 31 =899=* 4- I and 

2x 3x5]* = 900 = x + 2. Here we have,.? = ? 9 ' — ^- + 1 = 

362074049. The firft term of the feries gives the logarithm of 

the ratio true to the 27th place — without ufing even a fingle term 

of the feries, we find the logarithm true to the ninth decimal 

place. 

If 
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I f the logarithm of the number 7 be required it may be found 

from that of 28. Here 2>* x 3 =. 24 = x-— 2, "5V = 25 = x — 1, 

"J* = 27 = x + 1, and a) • * 7 = 28 = x + 2. And^= 27 ' * 24 + 

2 
1 = 8749. If we ufe the two firft terms of the feries as it was 

firft laid down, we may find the logarithm to 19 places of decimals. 
But if we ufe the two firft terms of the contra&ed feries, which 
may be done with only the additional trouble arifing from dimi- 
nifhing the fecond divifion by 1, 8, we may get the logarithm 
true to 28 places. 

It is raanifeft that the logarithm of fome number muft be 
found by the immediate application of the feries. If then Na- 
pier's logarithm of 1? be found by this method, we thence obtain 

the logarithm of — i. The logarithm of — being found in 

64 ° 125 

the fame manner, and added to that of — i , gives Napier's lo- 

64 

garithm of 2. If the logarithms be required of Briggs's form, 
having found Napier's logarithm of 8, from his logarithm of 2, 
by adding the logarithm of x^ as already found, we get Napier's 
logarithm of 10 ; the reciprocal of which will be the modulus of 

3 H 2 Briggs's 



[ 4*8 ] 

Briggs's fyftem, reprcfentcd by p in the feries ; by which if Na- 

- i ?8 

pier's logarithms of ^, and be multiplied we {hall get 

4 125 

Briggs's logarithms of the fame numbers. If then we fubtract 

Briggs's logarithm of -^, from his logarithm of 10, and divide the 

4 

remainder by 3 j or if we add Briggs's logarithm of to his 

logarithm of 1000, and divide the fum by 10 -, we fhall have 
Briggs's logarithm of 2. — The logarithm of 2 being found, the 
logarithms of all other numbers may have their computation faci- 
litated by fome one or other of the preceding methods of increasing 
the convergency of the feries. 

As a due application of the binomial theorem furnifhes us with 
a feries for finding the logarithm of any natural number, (which 
is the fame with the logarithm of the ratio of that number to 

unity) fo likewife it may be (hewn from the fame principles that 

/ /* /' I* 

the fum of the feries 1 + — H H 1- + &c. 

1 1. 2 1. 2. 3 t. 2. 3 4 

will be the natural number correfponding to Napier's logarithm 

/; and 
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/; and that the fum of the feries i — 1 1 

I i. 2 i. 2. 3 

b 

&c will be the natural number correfponding to 

1.2. 3* 4 

Napier's logarithm — /. 

If / denote Napier's logarithm of the improper fra€tion ■— • -, 

a 

then will-—/ be Napier's logarithm of its reciprocal — -.■ 

b 

Therefore, 

b , , b b /♦ h b b b 

a 2 .6 24 120 720 5040 40320 

a t , , b b b b b /' /• 

b 2 6 ' 14 120 720 5040 40320 



b*-a* , b b b 

— ,— =2/ + — +-— + 4-&c. 

ab 3 60 2520 

b* + a* , u b I s /» 

— T— =2 +/ +T- + "7T + — — + &C. 
ab 12 300 20160 

b x + a* , fr — lba + a* b I s b 

, 2, (= ) = /» + _+_- + -- + &C. 

ab ab ' 12 360 20160 

This feries being divided by the feries 2 / + 1 — — + — u &c. 

3 60 2520 

the quote will be the feries, — + -— ?7 — 4- &c. 

2 24 240 40320 

Call 
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Call the fum of this feries, /. Then, - (= 



b — a ,b* — 2 ba + a* 



b + a ab 
) =s v b — a — sb -f sa y b — sb = a 4- sa t b = a, 



ab I — x 

I — / 



and a = b 



Here then we have a feries confifting of but half the 
number of terms of either of the feries firft propofed } but a 

divifion is afterwards requifite to find the natural number _, 

a 

a 

or T . 

Let us endeavour to render this feries more convenient for 
practice and apply it to find the natural numbers of logarithms 
of any fyftem whatever, without the trouble of reducing the given 
logarithm to Napier's fyftem. If we affurae the firft term 

/ h 

for the whole feries, i. e. — = / ; then will — = . — and 

2 a / 

_£. * 

— = j. making L to denote the logarithm of — in any fyftem 

whatfbever, 
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whatfoever, fincc _ = *, _ = /; then by fubftitution, — = ££+^ 
I P a 2fi-L 



and 



a 



_ 2p—L 



2p-L 



This abbreviation Dr. Halley has deduced from contracting into 
one two terms of the firft feries. 

If we unite the two firft terms of the feries L _ _lL 4. IL 

2 24 240 
17 / 

— + &c. we may obtain a method dill more accurate, which 

40320 

however requires a fecond operation; but yet perhaps may be 

preferable to the application of the feries in its original form.— 

/ / J 

The terms — and — — being reduced to a common denominator 
2 24 ' 

their value is _ ; which, by a procefs fimilar to that 

24 

which has been ufed above, will appear to be equal to zJ— — 

Is /» ' 

— 8 g + — 6~~ &c * Thcn h y fubftitut i° n the feries becomes 

6 / /* /' 

+ V &c It appears then, that the term 



12 + /* 1440 7360 

— - will more accurately reprefent the entire feries than the 

12 T * 

two terms — ♦ 

2 24 

Assume 
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» 6/ ~, b , 6/ 6/ 

Assume =/. Then - =ij -i — ~\ 

12+/* a ^ 12+/* i2 + /* ; 

12 + 6/4-/ 1 , a I2-61+I* T __ 

= i 2 -6/ + /- ;and * = 7i+67+7- Inany f y ftemwhat - 

foever j = '^+^£+I.» a||d , 1*^-6^+/^ Make 
a izp 1 — 6pL+L* 6 iz p* + 6pL+L' 

" £- = 7 ; then *= y±_?/±* a „d « = lZ^±i. 
Z, a q — 6p + L b y+bp + L 

The fraction l2+ — — _ thrown into a feries will be I +/+ 
I2 — 6/+/ 2 

/* / 3 /* /* 

H — — | 1 H &c. fo that the natural number cor- 

2 6 24 144 

refponding to Napier's logarithm / will be accurately expreffed 

thus — — - — 1 1- &c. Whence it appears that the 

12-6I+I* 720 rr 

fra&ion — — — — — will more accurately exprefs the natural 
H-6/+/ 1 7 V 

number of Napier's logarithm /, than the five flrft terms (1 + /+- 

1 _ -4 ) of the original feries. Now in the application 

2 6 24 

of thefe terms to find the natural number of a logarithm, befides 
reducing the given logarithm to Napier's fyftem if it be of any 
other, three multiplications are neceflary, not to mention the 

divifions 
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divifions performed by fraall divifors. Whereas, to find the na- 
tural number — , by the application of the fraction ? — -±- — - , 
a q — Op+la 

or the natural number -j- , by the application of the fraction 

b 

tjZ- — Z-L ,„. two divifions are fufiicient, of whatever fyftem the 
q+6p + L 

logarithm may be. For 12 f being given (fince/ is the modulus 
of the fyftem) q is found by one divifion. Another divifion will 

eive the value of the fraction °.—~.±. -, all its terms being 

known and of one dimenfion. 



Since b - = i±|/-±* and ± = 9~6p+L ^ haye h = 
a q—6p+L b q+6p+L 

, 1 2 pa , , I2pb 

a + — ±— and a = b *- -. 

y — 6p + L q+6p + L 



Whence if a logarithm of any fyftem be given, to find its 
correfponding natural number ; find the difference of the given 
logarithm and the neareft logarithm to it (in the fame fyftem) 
whofe natural number is known. Call this difference L- y the 



12 p _ 
L 
Vol. VI. 3 I logarithm 



modulus of the fyftem / j and — =±— = q. Then, if the given 
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logarithm be the greater, its natural number will be the natural 

number of the affumed logarithm increafed by the produd of 

the fame number into the fraction —£ ; if lefs, its na- 

f—6fi+L 

tural number will be the natural number of the affumed loga- 
rithm, diminifhed by the product of the fame number into the 
fraction , . . .■ ■ , f . , . This is not perfectly accurate ; but will be 

a nearer approximation to the truth, the lefs the difference is of 
the giyen and the affumed logarithm. 



